ABSTRACT We investigate the uplink (UL) performance of multicell massive MIMO (maMIMO) communication systems in frequency-selective fading channels, when the channel estimates are corrupted by pilot contamination, and the receiver employs maximum-ratio combining (MRC). Specifically, two fundamental schemes (receivers/waveforms) are considered: the time-reversal MRC (TRMRC) under single-carrier, and the conventional frequency-domain MRC (FDMRC) for orthogonal frequency-division multiplexing. We first derive approximate analytical expressions for the UL signal-to-interference-plus-noise ratio (SINR) performance of maMIMO systems, deploying both TRMRC and FDMRC. Then, lower bounds for the achievable rates of both systems are presented, and the derived expressions are validated by means of Monte-Carlo simulations. The performance of the investigated systems are compared regarding the variation of several parameters, such as the number of base station (BS) antennas M , number of users for each cell K , UL transmit power ρ u , and the number of taps of the time-dispersive channel L. Our results demonstrate that the attained SINR performance of both schemes are very similar, but, in terms of achievable rates, TRMRC in general outperforms FDMRC by not requiring cyclic prefix transmission. On the other hand, our computational complexity analysis demonstrates that the TRMRC scheme demands somewhat higher processing resources (O(LMK )) than FDMRC (O(MK )). Thus, we propose a reduced complexity implementation for the TRMRC receiver, by employing the fast convolution with overlap-and-add technique, which is able to achieve the same result of TRMRC with a complexity of O(log 2 (2L)MK ). For a practical maMIMO setup, the complexity reduction is about 50%. Finally, based on the derived expressions, we propose an iterative way to obtain the number of users that is able to maximize the sum rate of the cell, and investigate its behavior with the variation of different parameters, such as number of antennas, data, and pilot transmit power, as well as different frequency and pilot reuse schemes.
I. INTRODUCTION
Massive multiple-input-multiple-output (maMIMO) communication systems are able to achieve high spectral and energy efficiencies with increased reliability [1] , and have attracted huge research attention in wireless communication fields [2] . It is well-known from [3] that in a time-division duplex (TDD) noncooperative multicell MIMO system employing training pilots for channel state information (CSI) acquisition in the uplink and an infinite number of base station (BS) antennas M , the only effect that hinders performance is pilot contamination. This phenomenon results from unavoidable reuse of reverse-link pilot sequences by terminals in different cells. As a consequence of increasing the number of BS antennas to infinity, the transmit power can be designed arbitrarily small, since interference decreases at the same rate of the desired signal power, i.e., signal-tointerference-plus-noise ratio (SINR) is independent of transmit power [3] . Besides, in this scenario, the most simple reception/transmission techniques, i.e., maximum ratio combining (MRC) deployed in the uplink and the matchedfiltering (MF) precoding used in the downlink, are able to achieve optimal capacity [4] .
Most papers in the area consider maMIMO in conjunction with orthogonal frequency-division multiplexing (OFDM), in such a way that flat fading can be assumed for each subcarrier. On the other hand, single-carrier (SC) waveform has been widely used in the uplink (UL) of current standards, such as LTE, while OFDM is adopted in downlink (DL). Among the advantages of employing SC in UL instead of OFDM [5] , we can highlight: (i) the lower peak-to-average power ratio (PAPR) of the transmit signal, which enables the mobile terminal (MT) to be cheaper and more energy efficient. Besides, this implies in a lower distortion level imposed by the transmit amplifier, and as a consequence in a lower outof-band radiation, which simplifies spectrum shaping and improves spectral efficiency by reducing the guard band.
(ii) Lower sensitivity to phase noise and carrier frequency offset. (iii) The complexity of the MT is also simplified since the inverse fast fourier transform (IFFT) operation is not required. (iv) For the maMIMO scenario, we show in this paper that cyclic prefix (CP) transmission can be not required employing SC, which improves spectral and energy efficiencies. Due to these several benefits, and the fact of SC be already implemented in current standards, such waveform shows itself as a promising candidate for implementation in the next standards, e.g. 5G [2] . For this sake, much research has to be carried out to investigate SC application in the physical layer of that systems, in conjunction with maMIMO, for example.
Conventionally, SC receivers require complex equalization techniques in either time or frequency domain, such as decision-feedback equalizer (DFE) [6] . Frequency domain equalization is usually less complex than its time-domain version, but often requiring CP transmission and one FFT module per receive antenna similarly as OFDM. Alternatively, time-domain equalization can achieve a reasonable performance at the expense of increased complexity, but in some cases not requiring CP and FFT operations. However, when employed in conjunction with maMIMO, a different time-domain receiver can be adopted, which, taking advantage of the large excess of BS antennas, is able to alleviate the equalization complexity, namely the time-reversal MRC (TRMRC) receiver [7] .
SC was first investigated in conjunction with maMIMO in [8] , where it was proposed a precoding scheme that was able to deal with the time dispersive channel. Then, an UL version of this scheme was proposed in [9] . The TRMRC receiver, as described in [7] , coherently combines the received symbols arising from different paths with the appropriate channel impulse response (CIR) vector. The robustness of this scheme was investigated in [7] against the phase noise effect, that results from imperfections in the circuitry of the local oscillators. However, it was assumed a single-cell scenario, and CSI estimates were corrupted only by additive white Gaussian noise (AWGN), but not by pilot contamination. Recently, both waveforms have been compared in maMIMO DL in [10] , and low PAPR precoding schemes were proposed for both systems, but again in a single-cell scenario with no pilot contamination.
In order to provide a more uniform performance experience for the covered users, different schemes of reusing the available resources can be employed. Frequency reuse schemes, as discussed in [1] and [3] , divide the available bandwidth into a predefined number of subbands, and assign different subbands for the cells aiming to maximize the distance between cells sharing the same subband, i.e., under the maximum relative distance criterion. On the other hand, pilot reuse schemes, as in [11] , divide the set of orthogonal pilot sequences into a predefined number of subgroups, assigning them to the cells according to the maximum relative distance criterion. A fundamental difference between both strategies is that frequency reuse reduces inter-cell interference not only in the training stage like pilot reuse, but also in the data transmission stage. Thus, while both schemes have the same ability to mitigate pilot contamination, which results from inter-cell interference during the training stage, frequency reuse scheme usually results in an improved SINR performance due to the lower inter-cell interference during data transmission stage. However, depending on the number of scheduled users per cell, the capacity loss due to the bandwidth division in frequency reuse may be higher than that resultant from the transmission of longer pilot sequences as in pilot reuse. Hence, a systematic study is necessary to indicate which scheme is able to improve system fairness with better capacity.
In this paper, we focus on the UL performance of multicell maMIMO systems under frequency-selective fading channels and subject to pilot contamination. Our main contributions are: (i) We provide a systematic comparison between two fundamental topologies: the conventional MRC receiver in conjunction with OFDM, and the TRMRC scheme operating under SC waveform, in order to indicate the merits and shortcomings of each scheme, and to investigate the feasibility of employing SC waveform in the next generation maMIMO systems. Such study has not been made yet to the best of our knowledge. (ii) We derive approximate expressions for the SINR performance of the investigated schemes, and propose lower bounds for their achievable capacities. The proposed expressions are validated by means of Monte-Carlo simulations. In the case of FDMRC, our derived expressions are very similar to that obtained in [4] . However in the case of TRMRC, such analysis was conducted only in [7] , but in a single-cell scenario, with the CSI estimates corrupted only by AWGN. It is worth noting that our scenario is much more realistic, taking into account inter-cell interference as well as the procedure of obtaining CSI estimates from uplink pilot transmissions, which results in pilot contamination. Our performance expressions are derived based on this pilot contaminated CSI estimates, which is the most salient limiting factor for the maMIMO performance. (iii) We investigate also the computational complexity of both schemes, aiming to establish a performance-complexity trade-off. Due to the increased complexity of TRMRC found, we propose a low complexity implementation of this receiver by employing the fast convolution with overlap-and-add technique [12] , which is able to reduce about one half the receiver complexity for a typical maMIMO setup without any performance loss. Such complexity study has not been conducted yet in the context of maMIMO. Besides, although fast convolution techniques are widely known [12] , they have not been adopted yet for reducing TRMRC complexity. (iv) After some slight simplifications on our derived expressions in order to improve mathematical tractability, we propose an iterative method to determine the number of users served by each cell which is able to obtain maximal sum rate, for any maMIMO system configuration. The dependence of this optimal number of users K * is investigated with the variation of several system parameters, and a number of interesting insights are given.
A similar investigation was conducted in [11] for FDMRC and in [13] for a joint minimum mean square error (MMSE) receiver in flat fading channels. In [11] , the optimal number of users is given in closed-form with M → ∞, while for finite number of antennas K * is analysed only via Monte-Carlo simulations for certain maMIMO configurations. Differently, our proposed method are valid both for FDMRC and TRMRC, and for any maMIMO parameters configuration, like number of antennas, pilot and data transmit power, and different pilot and frequency reuse schemes. In [13] , authors find the number of scheduled users that maximizes an averaged area spectral efficiency expression, which is derived after some approximations for finding the expectation of the long-term fading coefficients with respect to the users' spatial distribution. Besides of such approximations being valid in restricted conditions, like large number of users and BS antennas, large number of cells, and low reference signal-to-noise ratio, the final result is found in a somewhat untractable form, based on incomplete elliptic integrals of the first and second kind in the Legendre normal form [13, Appendix B] . Our approximations for fixing the longterm fading coefficients of intra-cell and inter-cell users is much simpler, without restrictions, and shown to achieve appreciable results by simulations as demonstated in this paper. Besides, the analysis in [13] assumes a joint MMSE receiver, which requires matrix inversions that might impose a computational burden to the massive MIMO system. On the other hand, our analysis is based on MRC receiver, that is much less complex and highly parallelizable. Also, we compare the performance of frequency and pilot reuse schemes, indicating for which conditions each topology is preferable. Such interesting comparison has not been conducted yet to the best of our knowledge.
Besides this introductory Section, the system model is described in Section II. Our analytical expressions are developed in Section III. Representative numerical results are presented in Section IV, as well as our computational complexity analysis. In Section V, we propose a method to obtain the optimal number of users to be served by each cell, while Section VI concludes the paper.
Notations: Boldface lower and upper case symbols represent vectors and matrices, respectively. I N denotes the identity matrix of size N , while 1 K and 0 K are the unitary vector and null vector of length K , respectively. The transpose and the Hermitian transpose operator are denoted by {·} T and {·} H , respectively. || · || is the Euclidean norm of a vector. We use CN (m, V) to refer to a circular symmetric complex Gaussian distribution with mean vector m and covariance matrix V. Finally, E[·] is the expectation statistical operator.
II. SYSTEM MODEL
Similarly as [3] , we consider a MIMO system composed by C BSs, each equipped with M transmit antennas, and communicating with K single-antenna users. Since TDD is assumed, reciprocity holds, and thus CSI is acquired by means of uplink training signals. We divide the system model description for OFDM and SC waveforms. Besides, the following system model is also valid when employing non-unitary frequency reuse if only users and cells sharing the same subband are considered.
A. OFDM WAVEFORM
The time-frequency resources are divided into channel coherence blocks of S = T c W c symbols [11] , in which T c is the channel coherence time in seconds, and W c is the channel coherence bandwidth in Hz (
holds, in which T d is the largest possible delay spread). Each coherence time interval are divided into T OFDM symbols (T c = T T s , and T s is the OFDM symbol period), distributed as uplink pilot transmissions, downlink and uplink data transmissions [3] . Using orthogonal pilot sequences, the number of available sequences is equal to its length, τ . CSI is estimated in the frequency domain in the same way as in [3] . If the system employs N subcarriers, and the CIR has L independent and identically distributed (i.i.d.) taps, the frequency smoothness interval is composed of N sm = N /L subcarriers. Thus, each user does not need to send pilots in all the N subcarriers, but only in N /N sm = L equally spaced subcarriers, since the frequency domain CSI (FDCSI) for the intermediate ones can be obtained by interpolation. Up to τ users can send pilots in the same subcarriers in the training stage, and a maximum total number of K max = τ N sm users can be served by each cell. We define the set of subcarriers in which the kth user sends pilots as Figure 1 illustrates how training and data transmission stages are divided in time and frequency domains for a given user, in which T n is the Nyquist sampling period.
We denote the M × 1 FDCSI vector between the ith BS and the kth user at the jth cell in the nth subcarrier by g ikjn = β ikj g ikjn , in which β ikj is the long-term fading power coefficient, that comprises path loss and log-normal shadowing, and g ikjn is the short-term fading channel vector, that follows
T is assigned for the kth user, the received signal for the nth subcarrier (n ∈ I k ) at the ith BS during the training stage is in which ρ p is the UL pilot transmit power, N p in ∈ C M ×τ is the AWGN matrix with i.i.d. elements following a complex normal distribution with zero mean and variance σ 2 n . Note that we have assumed synchronism between the signals received from different cells, which is the worst case in terms of pilot contamination [3] . The ith BS then estimates the kth user nth subcarrier FDCSI by correlating the received signal Y p in
where
is an equivalent noise vector. The pilot contamination effect can be clearly seen in the previous expression. The other N − L subcarriers' FDCSI estimates are obtained by interpolation. By acquiring such FDCSI estimates, the BS is able to perform linear detection in the UL deploying the FDMRC scheme. During UL data transmission, the ith BS receives in the nth subcarrier the signal
in which ρ u is the UL data transmit power, x u kjn is the data symbol from the kth user of the jth cell in the nth subcarrier, and n u in ∼ CN (0 M , σ 2 n I M ) is the M ×1 AWGN sample vector. This BS then estimates the transmitted symbol deploying FDMRC as
B. SC WAVEFORM
The tth CIR vector tap between the ith BS and the kth user of the jth cell and its FDCSI vector are related by
With no loss of generality, we assume in this paper a normalized uniform power delay profile (PDP) for all users,
For the systems employing single-carrier waveform, an alternative training scheme to conventional frequency domain training is discussed in [7] . In this alternative scheme for estimating the CIR of the users served by the cell, the users transmit uplink training signals sequentially in time, in such a way that at most one user per cell is transmitting at any given time. The kth user sends an impulse of amplitude Lρ p (in order to spend the same average power as in FD training (1)) at the (k −1)Lth channel use and is idle for the remaining portion of the training phase. Besides, the next user waits L − 1 channel uses to send its training signal. It is worth noting that the same maximal number of users K max is supported in this scheme. This can be proved by noting that the total interval spent with training signals is
nearly the same as in FD training, as illustrated in Figure 1 . The main advantage of this scheme is because estimating the CSI in the frequency domain would require the users to send FD pilots. This is only possible if the users' terminals were equipped with OFDM circuitry, does not bringing thus all the mentioned benefits of employing SC waveform. 1 This procedure provides to the ith BS the following CIR estimates for its k-th user
is an equivalent AWGN vector. Note that the CIR estimates are also corrupted by the users in adjacent cells that send its impulses at the same channel use, similarly as pilot contamination.
Considering SC waveform, the time-domain received signal at the ith BS in time t during UL data transmission is
where s u kj [t − l] is the time-domain UL data transmitted by the kth user of the jth cell at time t − l, and n
is an AWGN vector. This BS can then estimate the transmitted symbols deploying TRMRC as
For causality purpose, it is clear from (8) that L − 1 shift registers are necessary per BS receive antenna for TRMRC, while this number for FDMRC is N −1, since the entire frame has to be received to perform FFT operation. This implies not only in hardware simplification, but also in latency reduction. Besides, the fact of TRMRC not requiring CP transmission can be seen from (8), since given a sufficiently large M , the BS is able to extract the desired information symbol vector from r u i [t + l], even if the asynchronous interference belongs to another frame of symbols.
III. PERFORMANCE ANALYSIS
In this Section we analyse the performance of both investigated schemes. As the exact distribution of the interference terms would be very difficult to compute, we adopt a similar analysis of [7] , [8] , in which the estimated signal for each scheme is decomposed as a sum of uncorrelated terms: the desired signal, interference and noise terms. Then, the approximate SINR is computed as the ratio of the desired signal power and the power of the interference plus noise terms.
A. FDMRC UNDER OFDM TRANSMISSION SCHEME
Given the FDCSI estimates available at the ith BS (2), and the UL received signal at the UL data transmission stage (3), the nth subcarrier estimated data symbol of the k th user deploying FDMRC in (4) can be written as
where the desired signal term
, with the expectation taken over the channel gains. Note that this term is a constant, which is known at the BS since the BS has knowledge of the channel statistics. Besides, we relegate the variation of ||g ikin || 2 around its mean as another form of interference [7] , [8] , such that
The pilot contamination interference term is
while the additional interference term is It is important to note the differences between PCI f k in and AI f k in : the FDCSI dot products in (12) are taken over independent vectors, while such products in (11) are taken over coincident vectors. This implies that PCI f k in grows at much higher rates when M increases than AI f k in , becoming the most salient interference term in the maMIMO scenario. Finally, the additive noise term is
Evaluating the power of the terms presented in (9) (see Table 1 ), one can approximate the average SINR of the k th user at the ith cell as ς f k i in (14) , as shown at the bottom of this page. The parameter γ = N N +N CP accounts for the transmit power loss due to CP, since we have assumed for a fair comparison that both schemes spend the same energy with data transmission, and N CP = L − 1 is the CP length. Note that this result is valid for all subcarriers, since they are identically distributed in our model.
Besides, due to the convexity of log 2 (1 + 1 x ) and using Jensen's inequality as in [1] , we obtain the following lower bound on the achievable rate of the k th user at the ith cell
in which the term 1 − K S accounts for the pilot transmission overhead, and ξ u is the fraction of the data transmit interval spent with uplink.
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B. TRMRC UNDER SINGLE-CARRIER TRANSMISSION SCHEME
Similarly, given the CIR estimates available at the ith BS (6), and the time-domain received signal in the UL data transmission stage (7), the estimated UL data symbols deploying TRMRC in (8) can be decomposed as
in which the desired signal term is
the desired signal interference term is
the pilot contamination interference term is
while the additional interference term is
and the same differences between pilot contamination and additional interference terms for OFDM hold in this case. Besides, the additive noise term is
Evaluating the power of the terms presented in (16), one can approximate the SINR of the k th user at the ith cell as ς t k i
in (22), as shown at the top of this page. Besides, analogously to (15), a lower bound on the achievable rate of the k th user at the ith cell can be obtained as 2 Table 1 presents the expected power of the terms in (9) and (16). From (14) and (22), one can see that both schemes attain the same SINR performance, unless the SNR loss of FDMRC due to the CP transmission, expressed by the term γ . Besides, the asymptotic UL performance of both systems converge with infinite number of BS antennas to the same bound of [3] :
IV. NUMERICAL RESULTS
Aiming to validate the tightness of our proposed expressions of Section III, and to compare the investigated schemes, we present in this Section numerical results for the maMIMO system performance under frequency-selective channels.
We have adopted the same multicell scenario of [14] with unitary frequency reuse factor, composed of C = 7 hexagonal cells of radius d = 1000m, where K users are uniformly distributed, except in a circle of 100m radius around the cell centered BS. Besides, only the performance of the users at the central cell were computed, since they experience a more realistic interference. Unless otherwise specified, we have assumed M = 100 BS antennas, K = 4 users, N = 256 subcarriers when OFDM is employed, a time-dispersive channel with L = 16, ξ u = 0.5, and an SNR of 0dB for both pilots and UL data transmission. The path loss decay exponent was assumed λ = 3.8, and the log-normal shadowing standard deviation as 8dB. The presented results were averaged over 100,000 spatial realizations for the users. Figure 2 shows the performance of the investigated schemes, both in terms of simulated results, 3 and as in terms of the proposed analytical expressions. We show the influence of the UL data transmission SNR ( ρ u σ 2 n ) increase over the SINR performance and over the achievable rates of a given cell. One can see that the maMIMO system is able to operate 2 Rigorously, referring to Figure 1 , the training overhead for SC wave-
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, we opted to mantain the same form of (15). 3 Considering independent realizations for the short-term fading, data symbols, and AWGN. with low UL SNR's, due to the large number of BS antennas, in such a way that the system performance saturates near 0dB. Besides, both schemes result in very similar SINR performance, but the achievable rates of TRMRC are higher than that of FDMRC due to the inefficiency of the CP transmission, required by the latter. One can also see that our approximate expressions for SINR and the proposed lower bounds for achievable rates are tight. While the error for SINR was about 0.06dB, the error between the simulated rates and the proposed lower bound was about 0.075 bits per channel use (bpcu). The performance dependence of the maMIMO system with the increasing number of BS antennas is shown in Figure 3 , both in terms of SINR and achievable rates. In the investigated range of M , one can see that it was always beneficial for the system performance to increase the number of BS antennas from the adopted perspectives, since the M in which the convergence to (24) occurs was outside this range. Again, both schemes have resulted in very similar performances, and the approximate SINR expressions as well as the proposed lower bounds for the achievable rates were tight: the same gaps of 0.06dB and 0.075 bpcu were found, respectively. Figure 4 shows how the maMIMO system performance evolves with the increasing number of users per cell, K . As expected, the average SINR per user decreases, due to the increasing multiuser interference. However, the achievable rates grow with more users, since the sum rate increase of each additional user in the investigated interval compensates the decrease of the individual SINR. Besides, the errors between simulated performances and analytical expressions in terms of individual SINR have decreased for higher values of K , being 0.01dB for K = 32. However, the achievable rate errors have increased to 0.09 bpcu for K = 32, because the higher number of users makes the accumulated error large. Finally, Figure 5 depicts the influence that the increasing CIR length L has on the maMIMO system performance. For the FDMRC scheme, it is clear that the system performance degrades with increasing L due to the inefficiency of the CP transmission (N CP = L − 1), that results both in an SINR loss as well as in a capacity loss. On the other hand, for the TRMRC scheme, the system performance is little sensitive to the increase of L. On one hand, a higher value of L results in higher intersymbol interference, but on the other hand it means that the TRMRC receiver has a richer information diversity when extracting the desired data symbols, as shown in (8) . It can be seen from the Figure 5 that the error between the simulated performance and the proposed analytical expressions grows for lower values of L, what occurs because the frequency smoothness interval grows as L decreases: N sm = N /L. Thus, the correlation of the channel frequency gains among the different subcarriers increases, making both the approximate SINR as well as the lower bound for the achievable rates less accurate; even though the errors were always lower than 0.3dB and 0.4 bpcu, respectively, in our simulations.
B. COMPLEXITY ANALYSIS
We evaluate the computational complexity of both investigated schemes, in order to establish a performancecomplexity trade-off. The computational complexities are evaluated in terms of floating-point operations (flops) [15] , and the main assumptions we have made are: i) A real sum operation has the same complexity than a real multiplication, which are defined as 1 flop; ii) A complex sum has the complexity of 2 flops, while a complex multiplication has the complexity of 6 flops; iii) An inner product between 2 complex vectors of size M has the complexity of M complex multiplications and M − 1 complex additions, resulting in a total complexity of 8M −2 flops; iv) A FFT or IFFT operation of a complex sequence of N samples has the complexity (supposing N power of two and adopting the Cooley Tukey algorithm [15] ) of (N /2) log 2 (N ) complex multiplications and N log 2 (N ) complex additions, and an overall complexity of 5N log 2 (N ) flops; v) As a final assumption, we neglect the complexity related with the CSI estimation for all the investigated schemes, since these estimates remain valid for several frame periods, and account in the same way for all the schemes.
For the FDMRC under OFDM, the complexity to detect the N symbols of the OFDM frame is mainly due to: The computational complexities in terms of flops for detecting each frame of N symbols are given in Table 2 . Examining such complexity expressions, we identify the most dominant terms as the ones having the product MK . Since this term in the complexity expression of TRMRC is L times greater than this term in the complexity expression of FDMRC, the complexity of the former, for moderate/high number of users and BS antennas, results L times the complexity of the latter, i.e., while the FDMRC complexity results O(MK ) per detected symbol vector, that of TRMRC results O(LMK ). Although the number of the CIR taps L is a fixed system parameter, and L N usually holds, the complexity of TRMRC results somewhat increased in comparison with FDMRC, as can be seen in Figure 6 , in which the complexities are plotted with the increase of M and K . We propose in this paper a low complexity form of performing the TRMRC detection, by employing the fast convolution technique in conjuntion with overlap-and-add method [12] . The TRMRC detection in eq. (8) can be rewritten as
which evidences that the TRMRC operation corresponds to the coherent combining of the M outputs of the convolution between the received signal and the reverse CIR. Each convolution can be performed with reduced complexity taking advantage of the convolution theorem and the efficient FFT's algorithms, in the so-called fast convolution algorithms. Such algorithms simply take the FFT of each sequence (in a suitable size), multiply them, and take the IFFT of the result.
Considering the sequences' lengths, the lowest power of 2 size of each FFT operation would often be 2N . However, as the CIR length is usually much lower than this value, this alternative still may lead to an excessive complexity. A better approach is given by the overlap-and-add method, in which the FFT's are taken with a size of 2 L (supposing L power of 2). Since the sequence r u i [t] is longer than this, it is partitioned into µ = (N + L)/L segments of length L, which are zero-padded until the length 2L. The FFT results are multiplied, and the IFFT of the product is taken. The results of each segment are properly overlaped and added, leading to the same result of the conventional convolution with reduced complexity [12] .
The complexity of the TRMRC with overlap-and-add method is mainly given by: i) µ FFT's of size 2L for the received signals of each receive antenna, resulting in a complexity of M µ[10 L log 2 (2L)] flops; ii) For each user and each receive antenna: µ element-wise multiplication of size 2L vectors, followed by an IFFT operation of size 2L, and the addition of the overlaping segments
iii) For each user, the results of the M fast convolutions are added (only the N elements of interest), with a complexity of K (2 N (M − 1) ) flops. The overall complexity of the TRMRC receiver employing the fast convolution with overlap-and-add method (FC-TRMRC) is also given in Table 2 and plotted in Figure 6 .
It can be seen that the complexity of the FC-TRMRC receiver results O(log 2 (2L)MK ) per detected symbol vector, which is a significant complexity reduction in comparison with TRMRC. For example, under a conventional maMIMO setup with M = 128, K = 32, N = 256, and L = 16, the computational cost to detect each frame of N symbol vectors is of 10 Mflops for FDMRC, 134 Mflops for TRMRC, and 75 Mflops for FC-TRMRC. Although the complexity of FC-TRMRC is still 7.5 times that of FDMRC, it is about one half of that of TRMRC, with the same result, and the same set of advantages. To name a few: lower PAPR, cheaper and more energy efficient mobile terminals, lower sensitivity to phase noise and carrier frequency offset, CP transmission not required, improving energy and spectral efficiency of the system, and compatibility with previous standards. Besides, the implementation of the FC-TRMRC at the BS hardware can be highly parallelized.
V. OPTIMIZING SYSTEM PARAMETERS
In this Section, we fix the long-term fading coefficients of the users in the derived expressions of Sec. III, for mathematical tractability. Then, based on the simplified expressions for the sum rate of a given cell, some interesting analysis are conducted, as determining the optimal number of users to be served by each cell. Our analysis gives some insights about the dependence of this optimal number with the variation of system parameters, like number of antennas and transmit power. Furthermore, we try to find the best resources' reuse scheme between pilot reuse and frequency reuse to be employed in the investigated maMIMO systems. A total number of C = 19 hexagonal cells is adopted in this Section in order to allow the use of resources' reuse policies.
From equations (14) and (22), one can note that the same uplink SINR can be achieved by both TRMRC and FDMRC, except by the uplink transmission power, that is decreased by the factor γ in the OFDM context. Thus, we define the parameter ρ u , which equals γρ u for OFDM, and ρ u for SC. We now fix the long-term fading coefficients of the users in the home cell as β h and of the users in the adjacent cells as β a , β b , and β c , according to the distance between the centers of each user cell and home cell. When fixing these parameters, the idea is to adopt an average case for every coefficient to be fixed. By symmetry, one can note that there are 3 different distances to be considered for the neighboring cells, and a total of C = 6 cells fall in each group. Thus we have adopted: Three major schemes are investigated in this Section: the maMIMO system with universal reuse of frequency and pilots, with pilot reuse factor of 3, and with frequency reuse factor of 3. Thus, the SINR performance of each user and the uplink sum rate of a given cell can be approximated, in an unified way, as
in which the constants in Table 3 . Besides, ζ f is the frequency reuse factor, while ζ p is the pilot reuse factor. When employing non-universal pilot reuse, while non-coherent interference reaches the home BS from every user of the system, the pilot contamination interference reaches the cell only from users of cells sharing the same pilots' set, which are distributed according to the maximum relative distance criterion. Thus, we have that
3 , as can be seen in the Table. Our first objective is to determine the optimal number of users K * that maximizes (27). For M → ∞, as discussed in [11] for OFDM maMIMO systems, it is not difficult to see that K * is the closest integer to S/(2ζ p ). This occurs since the asymptotic uplink SINR ς (sc) =
is independent of K , while the concave pre-log factor is maximized by K = S 2ζ p . In order to obtain a procedure to find the optimal number of scheduled users for any parameters' set, like number of antennas, transmit SNR, and pilot SNR, we aim to find the maximum of (27). Thus, we take the derivative of R (sc) with respect to K as in (28), as shown at the bottom of this page. Unfortunately, we do not arrive in a closed form expression for K * when trying to find the argument that cancels the derivative in (28). Thus, we propose an iterative procedure to find K * based on the Newton's method. By initializing K (0) = S 2ζ p , the iterative procedure is evaluated as
in which
∂K 2 is given in (30), as shown at the bottom of this page. In our numerical simulations, 4 iterations were sufficient to the algorithm's convergence. Figure 8 shows the sum rate variation with the increasing number of scheduled users as well as the number of users to be scheduled given by our proposed method (denoted by the markers in the Figure) , considering a system with universal reuse, with frequency reuse factor of 3, or with a pilot reuse factor of 3. Several conclusions can be made from the Figure. First, our proposed method indeed finds the number of users that maximizes the sum rate of the cell, for the three investigated system configurations. Besides, the optimal number of scheduled users does not change if the system employs TRMRC or FDMRC, since the difference between such techniques from the SINR performance perspective is just an SNR reduction of γ . For the adopted parameters N = 256 and L = 16, γ = 0.941, which represents an SNR decrease of 0.263dB when employing OFDM instead of SC. As shown later in this paper (Figure 10 ), the dependence of K * with the data SNR variation is much less sensitive than this. The Figure shows that universal reuse is always better than pilot or frequency reuse from the sum rate point of view, irrespective of the number of scheduled users. However, this is not a completely affordable conclusion, since the fixed long-term fading simplification assumption may hide the performance loss due to unfavorable users spatial distribution, which is much more severe for universal reuse than for higher reuse factors. Besides, it is well known from [3] , [14] that higher reuse factors are much more advantageous in terms of fairness, which is another fact not represented in the Figure. A more interesting conclusion can be made if one compare the performances achieved by frequency reuse and pilot reuse, since both schemes are able to improve the system fairness. It can be seen that pilot reuse can achieve a higher sum rate than frequency reuse, although the opposite can be seen for specific values of K . We have plotted a vertical line in K = S/4 for reference purposes, that is the point at which the pre-log factors intersect for these schemes. One can see that the performance crossover point is very near this value, in such a way that the SINR gain of frequency reuse in comparison with pilot reuse is negligible, and unable to overcome the penalty of reducing bandwidth. Therefore, when the objective is to improve the network fairness, the best approach is to employ pilot reuse if it is allowed to schedule a number of users lower than S/4. Otherwise, frequency reuse becomes a better alternative.
The dependence of the optimal number of users and the optimal sum rate with the increasing number of antennas is shown in Figure 9 . One can note that the optimal number of scheduled users converges with M → ∞ to S/(2ζ p ), as discussed in [11] . On the other hand, an interesting conclusion that has not been drawn is that both resources' reuse schemes have the same asymptotic performance. This can be verified by analysing the asymptotic sum rate of a cell in (31), 
FIGURE 10. K * and sum rate with increasing data and training SNR for S = 200. Figure 10 shows how the increasing SNR affects the optimal number of scheduled users and sum rate performance. In the left hand side, it is investigated the increasing data SNR with the training SNR fixed as 0dB, while in the right hand side the increasing training SNR is considered with data SNR fixed as 0 dB. Although any SNR increase has the effect of improving the system sum rate performance, VOLUME 5, 2017 the optimal number of users in each case have opposite behaviors. While K * decreases with increasing ρ u σ 2 n , it increases with increasing ρ p σ 2 n . Besides, the variation of K * and of sum rate with increasing training SNR is more notorious. This occurs since the increase of ρ p σ 2 n leads to better CSI estimates, which in turn improves the interference mitigation capacity of the MRC receiver, allowing the scheduling of a higher number of users in order to obtain the optimal sum rate performance. On the other hand, the increasing ρ u σ 2 n results in a higher level of multiuser interference, both intra-cell and inter-cell, in such a way that the best sum rate performance is found with a slightly reduced number of users.
VI. CONCLUSION
In this work, we have analysed the performance of maMIMO systems under frequency-selective channels subject to pilot contamination. Two fundamental schemes have been investigated and compared: the conventional FDMRC operating under OFDM transmission, and the TRMRC under single-carrier transmission. We have proposed tight analytical expressions for the SINR performance, as well as lower bounds for the achievable rates, which have been shown by computer simulations to be suitably tight. In general, TRMRC outperforms FDMRC by not requiring CP transmission, which improves spectral and energy efficiencies. Our computational complexity study revealed that TRMRC complexity results O(LMK ), in contrast with the O(MK ) complexity of FDMRC. Thus, we proposed a low complexity implementation of TRMRC by employing the fast convolution with overlap-and-add technique, which was able to achieve the same TRMRC result with a complexity of O(log 2 (2L)MK ). Then, based on slight simplifications on our derived expressions, we developed a method for obtaining the optimal number of users to be served by each cell, in the sense of maximizing sum rate, for any maMIMO configuration and under different frequency or pilot reuse schemes. We have investigated how this optimal number of users is dependent of different system parameters, and several insights were given, as well as a performance comparison between frequency and pilot reuse. Given the several benefits of SC waveform as well as the reduced complexity implementation of TRMRC receiver proposed in this paper, which becomes not so high when compared with FDMRC complexity, the TRMRC under SC constitutes a promising candidate for receiver/waveform of next generation communication systems. and Signal Processing Laboratory. He has participated in several projects funded by government agencies and industrial companies. He has supervised 22 M.Sc. and four Ph.D. students, and two postdocs. He has co-authored nine book chapters on mobile radio communications and over 180 research papers published in specialized/international journals and conferences. His current research interests include communications and signal processing, specially the multi-user detection and estimation, MC-CDMA and MIMO systems, cooperative communication and relaying, resource allocation, and heuristic and convex optimization aspects of 3G and 4G wireless systems. He is a member of SBrT. He is involved in editorial board activities of six journals in the telecommunications area and has served as a TPC Member in several symposiums and conferences. He has been serving as an Editor of the IEEE COMMUNICATIONS SURVEYS AND TUTORIALS since 2013, the IEEE ACCESS since 2016, and the IET Journal of Engineering since 2014. VOLUME 5, 2017 
